In the present study, pseudo-nonlinear absorption characteristics are numerically demonstrated in z-scan measurements even for samples of pure linear absorption materials. The pseudo-nonlinear absorption curves look similar to the nonlinear absorption curves in an open-aperture z-scan measurement. Numerical results reveal that the plausible nonlinear effects stem from two sources, namely the changes in the incident angle and azimuth polarization of the focused beam during the z-scan measurement. It is found that when the laser beam is focused by a lens with a large numerical aperture, the influence of the pseudo-nonlinear absorption due to the change in incident angle becomes substantial and cannot be ignored, whereas if a lens with a low numerical aperture is used, the deviation caused by the pseudo-nonlinear absorption is negligible. On the other hand, for a laser beam focused by a lens with a large numerical aperture, the polarization azimuth angle of the incident beam can be adjusted to the corresponding critical angle, so that the plausible nonlinearity is eliminated. Finally, the theoretical analysis is verified experimentally with a single BK7 glass slice sample and objective lens with numerical apertures of 0.09, 0.45, and 0.65 using a z-scan setup with a laser at 488 nm wavelength. The findings are useful for improving the z-scan measurement of the nonlinear absorption coefficient in terms of sensitivity and accuracy.
Introduction
Optical nonlinear absorption is one of the fundamental properties of optical materials. Measuring the optical nonlinear absorption index is essential to determine the degree of the nonlinearity, and the accuracy varies with the methods employed for the measurements. Among others, the z-scan technique proposed by Sheik-Bahae [1, 2] has been widely used due to its simplicity and high sensitivity. A variety of new methods based on the original version of the z-scan method have also been proposed in recent years, such as the time-resolved z-scan method [3, 4] and the reflection z-scan technique [5] . As for the incident beams, a number of different beam profiles have been so far tested, such as the round Gaussian [6] , the elliptic Gaussian [7] , the Gaussian-Bessel [8] , the flat topped [9] , the top hat [10] , the polarization beams [11, 12] , etc. In addition, the sensitivity and accuracy of the measurements are also improved with various data processing and fitting methods [13] [14] [15] [16] [17] .
In a basic z-scan measurement, a collimated laser beam is focused through a lens, and the sample is scanned along the z-axis (optical axis) through the focal point. If there is significant nonlinear absorption in the sample, the light intensity at a different z-scan position either increases or decreases depending on the positive or negative sign of the nonlinear absorption. The recorded z-scan curves are compared with the theoretically determined fitting curves, and the index of the optical nonlinearity is subsequently extracted [17] . In the case of pure linear absorption, for ideal Gaussian beams, i.e. within the near-axis approximation, the light intensity should keep constant during the z-scan, which is a well-known basic principle for nonlinear absorption measurements.
In the present study, based on theoretical analyses and numerical simulations, we demonstrate the existence of pseudo-nonlinear absorption in z-scan measurements even for samples of pure linear absorption materials. Since the shapes of the discovered pseudo-nonlinear absorption curves appear similar to that of the nonlinear absorption curves of an open-aperture z-scan measurement, false nonlinearities may be recorded especially for focusing lenses of a relatively large numerical aperture. Numerical results are also presented to reveal that the plausible nonlinear effects stem from the changes in the incident and polarization azimuth angles of the focused laser beam. A method is proposed to eliminate the deviation caused by the pseudo-nonlinear absorption that is induced by the polarization changes. Finally, the theoretical analysis is verified experimentally with a single BK7 glass slice sample and objective lens with numerical aperture of 0.09, 0.45 and 0.65 using a z-scan setup with a laser at 488 nm wavelength.
The rest of the paper is organized as follows. In section 2, the theoretical background of the z-scan measurement is outlined, with the emphases on the change of the incident angle as a function of position z, and the correlations between the transmittance and the incident and polarization azimuth angles. In section 3, numerical results are presented and discussed on the pseudo-nonlinear curves as a function of the angular semi-aperture as well as the polarization azimuth angle. An in-depth analysis on the significance of the effects is presented and a practical method to eliminate their influence is proposed and verified experimentally. Finally, the work is concluded in section 4.
Theoretical analysis

Incident angle as a function of z-scan position
Assuming that a TEM 00 Gaussian beam with a beam waist radius w 0 travels in the z direction, the electric field as a function of z and off-axis radial position r can be written as
where w(z) = w 0 1 + (
z ) are the beam and curvature radii of the wave front, respectively. w 0 is the beam waist radius at z = 0. z 0 = kw 2 0 /2 is the diffraction length of the beam, k = 2π/λ is the wavevector, and λ is the laser wavelength. E 0 is the electric field at the focal point and (z) = tan −1 (
) is the phase factor at position z. In a practical z-scan measurement, a collimated laser beam is focused by a converging lens with an angular semi-aperture of θ 0 . In figure 1 , schematic pictures are presented to show how the light beam travels along the z-axis according to equation (1) . The relation between the axis and radial amplifications obeys the following hyperbolic equation:
The angular semi-aperture θ 0 is only determined by the converging lens. In a z-scan measurement, the incident angle is θ i = θ 0 when the sample is located far from the beam waist position (position 1 in figure 1(a) ). The incident angle θ i decreases with the sample movement from positions 1 to 2 along the optical z-scan axis ( figure 1(b) ). The incident angle reaches θ i = 0 when the sample moves to the beam waist position (position 3 in figure 1(c) ). The dependence of the incident angle θ i on the sample position z during z-scan measurements can be directly obtained from the derivative of equation (2) 
At z = 0, θ i = 0 based on equation (3), which corresponds to the beam waist position (position 3 in figure 1(c) ) and at z → ∞, θ i = θ 0 = λ/π w 0 , which corresponds to the angular semi-aperture (position 1 in figure 1(a) ). Figure 2 shows an example where the incident angle θ i changes with the z-scan position z, where the laser wavelength and beam waist radius are chosen as λ = 633 nm and w 0 = 1 µm, respectively. In the z-scan process from z → −∞ to z = 0, the incident angle decreases from θ i = θ 0 = 11.5 • to θ = 0 • , and then increases from θ i = 0 to θ i = θ 0 = 11.5 • when the z-scan changes from z = 0 to z → +∞.
In the z-scan measurement, the beam waist radius and angular semi-aperture change with the numerical aperture of the converging lens. Letting NA be the numerical aperture of the converging lens, the angular semi-aperture θ 0 can be calculated as:
Generally speaking, n 0 is set to be 1 because the z-scan is usually carried out in an atmospheric environment. Figure 3 shows the relationship between θ 0 and NA, where θ 0 increases with NA. This means that in a z-scan measurement, the angular semi-aperture becomes large if a converging lens with a large NA is used. As shown in figure 3 , the angular semi-aperture θ 0 determines the maximum incident angle of the z-scan measurement.
The above reasoning establishes that the field variation along the z-axis depends closely on the incident angle, and the significance of the derivation is determined by the angular semi-aperture and eventually by the numerical aperture of the focusing lens. In turn, the field variation along the z-axis is practically measured by detecting the transmittance through the sample in z-scan measurements. Since the numerical aperture of the focusing lens is a device parameter and has nothing to do with the intrinsic property of the sample, the measured variation in the transmittance during z-scan cannot be due to the nonlinear absorption in the sample and shall therefore be interpreted as some additional plausible effects, namely the pseudo-nonlinear absorption, which will be shown with numerical results in the next section.
Transmittance against incident and polarization azimuth angles
In this sub-section, the dependence of the transmittance and reflectance on the incident and polarization azimuth angles is explicitly shown. For the polarization, two special cases of s-and p-polarizations are taken into account. Figure 4 shows the schematic of the transmission and reflection when a laser beam irradiates the sample surface.
The light is incident from medium 1 with a refractive index of n 1 to medium 2 with a refractive index of n 2 . The Poynting vectors of incident and refracting lights are marked as s (i) and s (t) , respectively. The incident and refraction angles are θ i and θ t , respectively. The refraction angle can be calculated by is perpendicular to the incident plane. Based on the Fresnel formula, the electric field of the transmitted light can be expressed as:
In the general case of an incident electric field with a polarization azimuth angle α, it is always possible to decompose the field E (i) into s-and p-polarization components, as schematically shown in figure 4(c), such that E
The horizontal component of the transmittance, defined as the ratio of the horizontal component of the transmitted light intensity to the horizontal component of the incident light intensity is then,
and the vertical component of the transmittance, defined as the ratio of the vertical component of the transmitted light intensity to the vertical component of the incident light intensity can be written as
Finally, the total transmittance can be calculated by, Figure 5 shows the calculated transmittance dependence on the incident angle for light with various polarization azimuth angles. For α = 0, the transmittance increases with the incident angle at θ i < 56 • 40 . The transmittance is 1 at θ i = 56 • 40 , and decreases with the incident angle at θ i > 56 • 40 . For α < 45 • , the transmittance initially increases to a certain value, and then decreases with the incident angle. For α > 45 • , the transmittance always decreases with the incident angle. Therefore, it is shown that the transmittance in the z-scan depends further on the polarization azimuth angle, which implies that additional pseudo-nonlinear effects could also be caused, apart from the incident angle, by the change of the incident polarization state. In section 3, numerical results will be provided to confirm the assertion.
Pseudo-nonlinear absorption analysis
The actually detected light transmittance is an integration along the radial coordinate r. For a given r, according to equation (1), the incident laser beam intensity I = E × E * can be written as
where
In the z-scan measurement, the sample is moved between the −z and +z positions. For the open-aperture transmittance z-scan, the Fourier transform of the amplitude of the launched beam E (i) a (z, f ) (from equation (1)) is called the spatial spectrumẼ (i) (z, f ), where f is the spatial frequency [18] :
Here exp(i2π fr) can be interpreted as a plane-wave travelling in a direction that lies in the (r, z) plane, making an angle θ i with the z axis such that
According to equations (12) and (13), the corresponding spatial spectrum at the waist w(z) is
The amplitude portion of the transmission function depends sensitively on the incident angle of the various plane-wave components (θ i ) and polarization azimuth angle α which have been discussed in section 2.2, and the transmitted electric field E (t) (z, r, α) can be expressed as
whereẼ t (z, f , α) can be obtained by equations (6) and (15) . The transmitted light intensity I (t) (z, r, α) can be written as follows
Finally, the normalized transmittance through the glass substrate in the z-scan can be approximately obtained by spatially integrating I (t) (z, r, α), giving
where P (i) is the incident power, P (t) is the transmitted power, and n 0 is the refractive index of a vacuum.
Pseudo-nonlinear absorption curves
This section is devoted to show some numerical results based on the theoretical analysis outlined in the previous section. In order to investigate the effects of the incident and polarization azimuth angles on the intensity of transmitted light, a single Gaussian laser beam is assumed to go through a glass substrate sample without any nonlinear absorption in the z-scan measurement. Numerical simulations of the z-scan measurements are carried out, and the z-scan curves are observed. With a theoretical fitting process, the pseudo-nonlinear absorption curve is extracted. Two sources of the pseudo-nonlinear absorption are tested, namely the dependences on the angular semi-aperture (that is, the NA value of the converging lens) and on the polarization azimuth angle of the incident laser beam. Figure 6 shows the calculated z-scan curves. Figure 6 (a) shows the calculated result of the pseudo-nonlinear absorption curves for α = 90 • (s-polarization). The peak configuration of this z-scan is indicative of a nonlinear-saturable absorption characteristic. The maximum variation in the transmittance increases with increased NA. Figure 6 (b) shows the calculated result of the pseudo-nonlinear absorption curves for α = 0 • (p-polarization). The valley configuration of this z-scan is indicative of a nonlinear reverse-saturable absorption characteristic. Similar to α = 90 • , the maximum variation in the transmittance increases with an increased NA. The maximum transmittance variation can reach 2.72% when NA = 0.90, which is a large transmittance change compared with the usual z-scan measurement. In other words, both figures 6(a) and (b) show that the pseudo-nonlinear absorption becomes substantial when NA increases. 6 also shows that when the NA is greater than 0.65, the detected result has more than 1% error in transmittance variation. The interference of the pseudo-nonlinear absorption even contains errors of as much as 5.7% and 2.72% for a converging lens with a numerical aperture of 0.90 for s-and p-polarizations, respectively. Consequently, significant errors in fitting the nonlinear absorption coefficient may occur. If the incorrect data are substituted into the fitting formulae, the nonlinear refractive coefficient would also be incorrect. Therefore, accurate experimental results can be obtained from a sensitive z-scan measurement by reducing and eliminating the influence of the change in the incident angle during the z-scan process. Figure 6 shows that the maximum variation is less than 0.02% when the laser beam is focused by a converging lens with an NA of 0.09. Thus, if a converging lens with a low NA is used in the z-scan, the error of the pseudo-nonlinear absorption induced by the change in the incident angle during the z-scan process may be ignored.
Pseudo-nonlinear absorption curves induced by changes of the incident angle
Pseudo-nonlinear absorption curves induced by changes of the polarization angle
The effect of an angular semi-aperture (i.e. the NA of a converging lens) on the pseudo-nonlinear absorption • (s-polarization), 20
• (p-polarization).
curves has been discussed. According to equation (18) , the polarization azimuth angle also has an important effect on the normalized transmittance, which causes pseudo-nonlinear absorption characteristics in the z-scan measurement. Figure 7 shows that the change of the polarization azimuth angle leads to pseudo-nonlinear absorption curves. Figure 7 also shows that the peak and valley configurations of the z-scan are indicative of a transformation from a nonlinear-saturable absorption to a nonlinear reverse-saturable absorption due to different polarization azimuth angles. Figure 7 indicates that for a fixed converging lens NA, the incident light beam with a critical polarization azimuth angle α critical can minimize or eliminate the interference of the pseudo-nonlinear absorption on the experimental results. That is, if the converging lens is fixed in the z-scan, the NA is fixed accordingly. The polarization azimuth angle of the incident light beam can be tuned to the critical polarization azimuth angle α critical , and the polarization-induced pseudo-nonlinear absorption can be eliminated. Different NA correspond to different α critical values. Figure 8 shows the dependence of α critical on the NA. At NA = 0.10, α critical = 45.2 • . However, α critical decreases with increased NA (α critical = 36.2 • at NA = 0.90). Figures 6-8 indicate that the pseudo-nonlinear absorption effect can be reduced or avoided by choosing the incident light beam with a critical polarization azimuth angle or using a converging lens with a low NA in a z-scan measurement.
Elimination of pseudo-nonlinear absorption
In the z-scan measurement, the pseudo-nonlinear absorption has an undesirable effect on the real nonlinear absorption coefficient fitting and data processing. To obtain an approximate estimate of the pseudo-nonlinear absorptioninduced nonlinear absorption coefficient, figure 9 shows 
with q 0 = αL = βIL eff 1, where β is the nonlinear absorption coefficient, I is the laser intensity, and L eff is the effective sample length. In figure 9 , the calculated curve 1 gives the incident laser beam with a polarization azimuth angle α of 90 • (s-polarization) and NA of 0.90. To fit the calculated result, q 0 = −0.161 is chosen to have the same peak value of 1.057 as the calculated results. The calculated curve 2 presents the incident laser beam with a polarization azimuth angle α = 0 • (p-polarization) and NA = 0.9. A q 0 = +0.077 is chosen to have the same valley value of 0.9728 as the calculated results. The fitting curve does not well match the calculated result because the transmittance change in the pseudo-nonlinear absorption curve is based on the incident and polarization azimuth angles of the Gaussian laser beam. Instead, in actual z-scan measurements, the transmittance change depends on the nonlinear absorption property of a sample. That is, the sample moves along the optical axis. The normalized transmittance of the pseudo-nonlinear absorption curve increases at a very low rate within the range of the Rayleigh length and can basically remain invariable. The calculated curve shows a platform in the Rayleigh length range. In contrast, for a nonlinear absorption sample, an apparent normalized transmittance change occurs in the range of the Rayleigh length, and the nonlinear absorption curve should accordingly show a sharp peak or valley in the z-scan measurement. The real value is estimated to be −0.483 < q 0 < −0.118 for the s-polarization of calculated curve 1, and 0.061 < q 0 < 0.178 for the p-polarization of calculated curve 2 according to the fitting curves shown in figure 9 . Generally, in a traditional z-scan measurement [2] , the laser intensity is in the order of ∼10 12 W m −2 , and the effective To reduce the undesirable effect of the pseudo-nonlinear absorption, a converging lens with a low NA can be adopted. Figure 10 shows the calculated and fitting results where NA = 0.09 is chosen. q 0 = +5.403 × 10 −4 is chosen to have the same valley value of 0.99981 as the calculated curve 1, and q 0 = −6.223 × 10 −4 is chosen to have the same peak value of 1.000 22 as the calculated curve 2. The pseudononlinear absorption-induced β is about +10 −12 m W −1 to +10 −13 m W −1 for α = 0 • , and −10 −12 m W −1 to 10 −13 m W −1 for α = 90 • , respectively. This finding shows that the undesirable effect of the pseudo-nonlinear absorption on the real β is very small and can be ignored. The undesirable effect of the pseudo-nonlinear absorption can be also reduced by adjusting the polarization azimuth angle of the incident laser beam for a fixed NA. Figure 11 shows the calculated and fitting results where NA = 0.90 and α = 35 • are chosen. q 0 = +2.015 × 10 −3 is chosen to have the same valley value of 0.99929 as the calculated results. The pseudo-nonlinear absorption-induced β is about −10 −12 m W −1 , which is very low and negligible for a usual z-scan measurement curve.
Experimental results and analysis
In order to confirm the theoretical analysis, a z-scan setup with an open-aperture mode was established. In this setup, the cw Ar + laser beam with a wavelength of 488 nm was used as the light source, a half-wave plate was adopted to change the laser beam polarization azimuth angle, and the angular semi-aperture was tuned by using the focusing lens with different numerical apertures. The experimental results are shown in figure 12 where a 0.6 mm thickness Figure 11 . Calculated result of T(z), for NA = 0.90 and α = 35
• , and fitting using q 0 = +2.015 × 10 −3 .
BK7 glass slice sample is examined. Figure 12 (a) depicts the results of polarization azimuth angle α = 90 • where the three cases of NA = 0.09, 0.45 and 0.65 are presented, respectively. The experimental curves are indicative of a nonlinear-saturable absorption characteristic. The effect of semi-aperture angle on the pseudo-nonlinear absorption is so small that changes of the transmittance are not significant when NA is not more than 0.09 (blue line). The maximum variation of the transmittance increases with increased NA, and can reach 0.36% and 0.57% for NA = 0.45 and 0.65, respectively, which effectively proves the theoretical results. Figure 12 (b) shows the experimental data with NA = 0.45, the maximum transmittance variations are 0.36% and 0.47% for s-polarization (α = 90 • ) and p-polarization (α = 0 • ), respectively. As indicated before, in the z-scan measurement the glass slice sample moves along the optical axis, the normalized transmittance curve slowly increases, especially in the range of the Rayleigh length, the normalized transmittance can basically remain invariable, the calculated curve shows a platform, and the experimental results have the same characteristics. In addition, the polarization angle can be adjusted to the corresponding critical angle to eliminate the influence of pseudo-nonlinear absorption. In the experiment, we tuned the half-wave plate to the critical polarization azimuth angle α critical = α = 43 • . The results are presented by the curve marked with a blue line in figure 12(b) ; one can see that the pseudo-nonlinear absorption becomes very small and can be ignored.
Conclusion
In conclusion, the pseudo-nonlinear absorption has been theoretically analysed and numerically demonstrated in the z-scan measurement for samples of pure linear absorption materials. It has been identified that the pseudo-nonlinear absorption originates from two sources, i.e. changes of the incident and polarization angles in the z-scan. It has been found that the significance of the effects depends on the NA of the focusing lens. When the laser is focused by a lens with a large NA, the interference of the pseudo-nonlinear absorption due to the incident angle change cannot be ignored. If a lens with a low NA is used, the error induced by the pseudo-nonlinear absorption is negligible. For an incident laser beam focused by a lens with a large numerical aperture, the polarization azimuth angle of the incident light can be adjusted to the corresponding critical angle to eliminate the influence of pseudo-nonlinear absorption. The theoretical analysis is verified experimentally with a single BK7 glass slice sample and objective lens with numerical apertures of 0.09, 0.45, and 0.65 using a z-scan setup with a laser at 488 nm wavelength. The findings are useful for improving the z-scan measurement of the nonlinear absorption coefficient in terms of sensitivity and accuracy.
(Mufei Xiao) acknowledges support from the Supercomputer in UNAM.
